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1. Introduction
R. Brauer asked in [2] a series of questions on group theory. Among these questions is the follow-
ing:
Problem 4. Let G and G∗ be two ﬁnite groups and assume that there exists a one-to-one mapping
K j → K ∗j of the set of conjugate classes of G onto the set of conjugate classes of G∗ , and a one-to-one
mapping χi → χ∗i of the set of irreducible characters of G onto the set of irreducible characters of G∗
such that
(a) χi(K j) = χ∗i (K ∗j ),
(b) (K [m]j )
∗ = (K ∗j )[m] ,
for all integers m. Are G and G∗ isomorphic?
Two non-isomorphic groups that satisfy the above conditions form a Brauer pair.
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A. Nenciu / Journal of Algebra 322 (2009) 410–428 411The answer to Brauer’s problem is “no” even for p-groups and it was given by Dade in [3]. Dade
showed that for any prime p  5 there are two non-isomorphic groups of order p7, exponent p, and
class 3, that satisfy Brauer’s conditions. In this paper we give another example of a Brauer pair. Our
groups are p-groups of order p6, for p  3, exponent p2, class 2, and derived subgroup of order p.
Generalizing the deﬁnition of a Brauer pair, we may say that ﬁnite groups G1, . . . ,Gt form a Brauer
t-tuple if (Gi,G j) is a Brauer pair for all 1  i = j  t . B. Eick and J. Müller showed in [4] that
for p  5 there are Brauer 4-tuples of p-groups of order p5. In the present paper, we show that
for any t  2 and any p  3 there are Brauer t-tuples of p-groups of order pn , for n large enough
(Corollary 5.3). Our examples are p-groups with derived subgroup of order p.
The paper is organized as follows: We begin by recalling results about the classiﬁcation of p-
groups with derived subgroup of order p and results about the classiﬁcation of character tables of
these groups. The classiﬁcation up to isomorphism of the p-groups with derived subgroup of order p
is given in [1]. The classiﬁcation up to isomorphism of their character tables is presented in [8]
and [9]. In Section 3, we give necessary and suﬃcient conditions for two p-groups with derived
subgroup of prime order to form a Brauer pair (Theorem 3.11). These conditions work for any prime p.
It was proved (Proposition 2.15 in [7]) that if p = 2 there are no Brauer pairs of 2-groups with
derived subgroup of order 2. In view of this result, we assume in Section 4 that p is an odd prime.
Using Blackburn’s classiﬁcation of p-groups with derived subgroup of prime order and the results
of Theorem 3.11 we classify the Brauer pairs of p-groups in the family considered in this paper
(Theorem 4.6). In Section 5 we ﬁx the index of the center, say p2m . Then we show that for n large
enough there are M = (2m)!2mm! non-isomorphic groups of order pn with derived subgroup of order p
and index of the center p2m such that any two form a Brauer pair (Theorem 5.2). Furthermore, since
M → ∞ as m → ∞ we obtain that there exist Brauer t-tuples for any t  2 (Corollary 5.3). We
conclude the paper with an example of a Brauer pair of class 2 and order p6, where p  3.
2. Preliminaries
Let G be a ﬁnite group. We denote by Cl(G) the set of conjugacy classes of G and by Irr(G)
the set of irreducible characters of G . If G and H are abelian groups and f : G → H is a group
homomorphism then we deﬁne f ∗ : Irr(H) → Irr(G) by f ∗(θ) = θ ◦ f for all θ ∈ Irr(H). Moreover, f is
a group isomorphism if and only if f ∗ is a group isomorphism.
Deﬁnition 2.1. Two groups G1 and G2 have isomorphic character tables if there exist two bijections
a : G1 → G2 and b : Irr(G1) → Irr(G2)
such that for all g ∈ G1 and for all χ ∈ Irr(G1) we have
χ(g) = b(χ)(a(g)). (2.1)
Remark 2.2. Two groups have isomorphic character tables if and only if there exist bijections
a¯ : Cl(G1) → Cl(G2) and b¯ : Irr(G1) → Irr(G2)
such that for all g ∈ G1 and for all χ ∈ Irr(G1) we have
χ
(
Cl(g)
)= b¯(χ)(a¯(Cl(g))) (2.2)
where χ(Cl(g)) means the value of χ on some element of Cl(g).
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Exercise 2.13 in [5] we have [P : Z(P )] = p2m for some positive integer m  	n−12 
. S.R. Blackburn
in [1] classiﬁes these groups up to isomorphism. We will brieﬂy present his results (see [1] for more
details).
Deﬁnition 2.3. Let p be a prime and let m,n be positive integers such that n− 2m− 1 0. We deﬁne
Pm,n,p to be a full set of non-isomorphic p-groups P with |P | = pn , |P ′| = p and [P : Z(P )] = p2m .
Deﬁnition 2.4. Let m,n be positive integers such that n− 2m− 1 0. We deﬁne Sn,m to be the set of
triples (ρ, e, (αi, j)1i jn−2m+2) that satisfy the following:
1. ρ is a partition of n − 2m,
2. ρ has at least one part of size e,
3. αi, j are non-negative integers satisfying:
(a)
∑
i, j αi, j =m,
(b) for all k ∈ {2,3, . . . ,n − 2m + 2} we have
∑
1ik
αi,k +
∑
k jn−2m+2
αk, j 
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
mk−1 if k e,
1 if k = e + 1,
me − 1 if k = e + 2,
mk−2 if k > e + 2,
where mk denotes the number of parts of ρ of size k.
Theorem 2.5. (See Theorem 8 in Blackburn [1].) Let p be a prime and let m,n be positive integers with n −
2m − 1 0. Then there exists a bijection Θm,n,p between the set Pm,n,p and the set Sn,m.
Let (ρ, e, (αi, j)1i jn−2m+2) ∈ Sn,m and let P = Θ−1m,n,p((ρ, e, (αi, j)1i jn−2m+2)). We deﬁne for
all i ∈ {2,3, . . . ,n − 2m + 2} the integer ri by
ri =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
mi−1 if i  e,
1 if i = e + 1,
me − 1 if i = e + 2,
mi−2 if i > e + 2.
For all 2 i  n − 2m + 2 we deﬁne the non-negative integer di by
di = ri −
∑
1 ji
α j,i −
∑
i jn−2m+2
αi, j.
For all i ∈ {1,2, . . . ,n − 2m + 2} we deﬁne
si =
{
i − 1 if i  e + 1,
i − 2 if i  e + 2.
Let
I = {(i, j,k): 1 i  j  n − 2m + 2, 1 k αi, j},
J = {(i,k): 2 i  n − 2m + 2, 1 k di}.
A. Nenciu / Journal of Algebra 322 (2009) 410–428 413Proposition 2.6. (See Proposition 9 in Blackburn [1].) Let p be an odd prime and let m,n be a positive integers
such that n− 2m− 1 0. Let P ∈ Pm,n,p and let (ρ, e, (αi, j)1i jn−2m+2) ∈ Sn,m. Deﬁne the integers αi, j ,
di, si and the sets I and J as above. Then P has type (ρ, e, (αi, j)1i jn−2m+2) if and only if there exists a
generating set X for P , where X is the set
{xa: a ∈ I} ∪ {ya: a ∈ I} ∪ {zb: b ∈ J },
with the property that X together with the following relations forms a presentation for the group P
xp
si+1
(i, j,k) = 1 for all (i, j,k) ∈ I,
yp
s j+1
(i, j,k) = 1 for all (i, j,k) ∈ I,
zp
si
(i,k) = 1 for 2 i  n − 2m + 2, 1 k di,[
xpa , x
]= 1 for all x ∈ X and for all a ∈ I,[
ypa , x
]= 1 for all x ∈ X and for all a ∈ I,
[z(i,k), x] = 1 for all x ∈ X, where 2 i  n − 2m + 2, 1 k di,
[xa, xa′ ] = 1 for all a,a′ ∈ I,
[ya, ya′ ] = 1 for all a,a′ ∈ I,
[xa, ya′ ] = 1 for all a,a′ ∈ I, where a = a′,
[xa, ya] = bpe−1 for all a ∈ I,
where
b =
⎧⎪⎨
⎪⎩
z(e+1,1) if de+1 = 1,
xp
(e+1, j,1) if αe+1, j = 1 where j > e + 1,
yp
( j,e+1,1) if α j,e+1 = 1 where j < e + 1.
In [8] and [9] we classiﬁed up to isomorphism the character tables of p-groups in Pm,n,p for all
primes p. Let CT m,n,p denote a full set of non-isomorphic character tables of p-groups P ∈ Pm,n,p .
Deﬁnition 2.7. Let P ∈ Pm,n,p and let ϕ be the restriction to Z(P ) of the projection P  P/P ′ . We
deﬁne
ϕ∗ : Irr(P/P ′) → Irr(Z(P ))
by
ϕ∗(λ) = λ ◦ ϕ.
The following result gives conditions for two groups P1, P2 ∈ Pm,n,p to have isomorphic character
tables.
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(i) P1 and P2 have isomorphic character tables.
(ii) There exists group isomorphisms αˆ : Irr(P1/P ′1) → Irr(P2/P ′2) and βˆ : Irr(Z(P1)) → Irr(Z(P2)) such
that ϕ∗2 ◦ αˆ = βˆ ◦ ϕ∗1 ,
where ϕ∗i is the map from Deﬁnition 2.7 for all i = 1,2.
Deﬁnition 2.9. Let m,n be positive integers with n − 2m − 1 0. We deﬁne CCT n,m to be the set of
quadruples (ρ, e, λ,φ) satisfying the following:
1. ρ is a partition of n − 2m and we write ρ = (ρ1  ρ2  · · · ρk).
2. ρ has at least one part of size e. We let i0 be the largest integer such that ρi0 = e.
3. We deﬁne ρ¯ to be the partition of n − 2m − 1 with parts
ρ¯i =
⎧⎨
⎩
ρi if i = i0, i  k,
ρi − 1 if i = i0,
0 if i > k.
4. λ is a partition of n − 1 which is obtained from ρ¯ as follows: There are 1  i1 < i2 < · · · < i2m ,
such that λ is the partition of n − 1 whose parts are
λi :=
{
ρ¯i + 1 if i ∈ {i1, i2, . . . , i2m},
ρ¯i otherwise.
5. φ ∈
{ {1,2} if e = 1 and 0< |{1 t  2m, λit = e}|me−1,
{1} otherwise,
where me−1 denotes the number of parts of ρ of size e − 1.
Deﬁnition 2.10. Let m,n be positive integers such that n − 2m − 1 0. We deﬁne
cctn,m : Sn,m → CCT n,m,
cctn,m
((
ρ, e, (αi, j)
))= (ρ, e, λ,φ)
as follows:
1. let ρ = (ρ1  · · · ρk), let i0 be the largest integer such that ρi0 = e and let ρ¯ be the partition
of n − 2m − 1 whose parts are
ρ¯i =
⎧⎨
⎩
ρi if i = i0, i  k,
ρi − 1 if i = i0,
0 if i > k.
Then λ is the partition of n − 1 that is obtained from ρ¯ in the following way: for each αi, j = 0
and for each l ∈ {i, j}, we successively increase by 1 αi, j-parts of ρ¯ of size l − 1 if l  e, and of
size l − 2 if l e + 1.
2. φ is deﬁned as follows:
φ =
{
2 if e = 1, he+1 = 0 and 0< he me−1,
1 otherwise,
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ha :=
∑
1ia
αi,a +
∑
a jn−2m+2
αa, j
for all a ∈ {1,2,3, . . . ,n − 2m + 2}.
In order to make the above deﬁnition easier to understand, we give the following example:
Example 2.11. Let n = 19, m = 3, ρ = (3,3,3,2,1,1), e = 3, α1,4 = 1, α2,5 = 2 and the other αi, j ’s are
zero. Then, (ρ, e, (αi, j)) ∈ S19,3 and ρ¯ = (3,3,2,2,1,1,0, . . .). We have α1,4 = 1 so we increase one
part of ρ¯ of size 1 − 1 = 0 and one part of ρ¯ of size 4 − 2 = 2, as 1 < e = 3 < 4. From α2,5 = 2 we
have to increase two parts of ρ¯ of sizes 2−1 = 1 and two parts of sizes 5−2 = 3 since 2< e = 3< 5.
We have
ρ¯ = (3,3,2,2,1,1,0,0, . . .)
where the underlined parts are the parts where we increase by 1 in order to obtain λ. Thus,
λ = (4,4,3,2,2,2,1).
Furthermore, he+1 = h4 = 1, hence φ = 1. Thus, cctn,m((ρ, e, (αi, j))) = (ρ, e, λ,1).
Theorem 2.12. (See Corollary 9.2 in [9].) Let m, n be positive integers such that n − 2m − 1  0 and let p
be a prime. Then there exists a bijection C˜m,n,p of CT m,n,p to CCT n,m such that the following diagram is
commutative:
Pm,n,p
Θm,n,p
ctm,n,p
Sn,m
cctn,m
CT m,n,p
C˜m,n,p CCT n,m
where ctm,n,p is the map that associates to every group P ∈ Pm,n,p its character table.
3. Characterization of Brauer pairs
In this section we give necessary and suﬃcient conditions for two p-groups with derived subgroup
of order p to form a Brauer pair. In [7] it was proved that there are no Brauer pairs of 2-groups of
class 2 with the Frattini subgroup included in the center. Since the p-groups we are considering in
this paper satisfy the conditions of Proposition 2.15 in [7], it follows that we need only investigate
the case p odd. In this section we assume that m,n are positive integers such that n − 2m − 1  0
and p is an odd prime.
Let K ∈ Cl(G) and let q be a positive integer. Then Kq := {gq: g ∈ K }.
Deﬁnition 3.1. Two non-isomorphic ﬁnite groups G1 and G2 form a Brauer pair if there exist bijections
a : G1 → G2 and b : Irr(G1) → Irr(G2)
such that
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for all g ∈ G1, χ ∈ Irr(G1), K ∈ Cl(G1), and q a positive integer.
Remark 3.2. Our deﬁnition of a Brauer pair involves a bijection between groups instead of a bijec-
tion between conjugacy classes as in the classical deﬁnition given in the Introduction of this paper.
However, it is not diﬃcult to see that the two deﬁnitions are equivalent.
Remark 3.3. Let G1,G2 be two ﬁnite groups such that they form a Brauer pair. Then G1 and G2 have
isomorphic character tables.
Let P ∈ Pm,n,p and denote by lin Irr(P ) = {χ ∈ Irr(P ): χ(1) = 1} and by nl Irr(P ) = {χ ∈ Irr(P ):
χ(1) > 1}. There is a bijection between lin Irr(P ) and Irr(P/P ′) and we will freely identify the set
lin Irr(P ) with Irr(P/P ′). In view of this identiﬁcation lin Irr(P ) is a group. Furthermore, if we denote
by
Irr(2)
(
Z(P )
)= {λ ∈ Irr(Z(P )): P ′  kerλ}
then we have the following result:
Theorem 3.4. (See Theorem 7.5 in [6].) Let P be a p-group with derived subgroup of order p. Then there exists
a bijection
Ψ : Irr(2)
(
Z(P )
)→ nl Irr(P ),
Ψ (λ)(x) =
{
pmλ(x) if x ∈ Z(P ),
0 otherwise,
for all λ ∈ Irr(2)(Z(P )) where p2m = |P : Z(P )|. Furthermore, λP = pmΨ (λ).
The following result was proved in [8].
Lemma 3.5. Let P ∈ Pm,n,p and let Irr(1)(Z(P )) = {λ ∈ Irr(Z(P )): P ′ ⊆ kerλ}. Let ϕ : Z(P ) → P/P ′ be the
restriction to Z(P ) of the projection P  P/P ′ . Then
(i) ϕ∗(θ) = θZ(P ) for all θ ∈ Irr(P/P ′),
(ii) Imϕ∗ = Irr(1)(Z(P )).
Lemma 3.6. Let P1, P2 ∈ Pm,n,p such that they form a Brauer pair. Let a : P1 → P2 and b : Irr(P1) → Irr(P2)
be the bijections from Deﬁnition 3.1. Then
(i) a(P ′1) = P ′2 ,
(ii) a(Z(P1)) = Z(P2),
(iii) a({K ∈ Cl(P1): |K | > 1}) = {K ′ ∈ Cl(P2): |K ′| > 1}.
Proof. It is easy to see that b(lin Irr(P1)) = lin Irr(P2) and b(nl Irr(P1)) = nl Irr(P1).
(i) Let x ∈ P ′1 then 1 = χ(x) = b(χ)(a(x)) for all χ ∈ lin Irr(P1). Hence, a(x) ∈ kerb(χ) for all
χ ∈ lin Irr(P1). Thus, a(x) ∈ P ′2. Since a and b are bijections we can prove that a(P ′1) ⊇ P ′2. Thus,
a(P ′1) = P ′2.
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obtain
0 = χ(z) = b(χ)(a(z)).
Using again Theorem 3.4 a(z) /∈ Z(P2). Thus, a(Z(P1)) ⊇ Z(P2).
Since a and b are bijections we can prove that a(Z(P1)) ⊆ Z(P2). Hence, we obtain a(Z(P1)) =
Z(P2).
(iii) It follows immediately from (ii). 
Deﬁnition 3.7. Let P ∈ Pm,n,p . We deﬁne ν : P/P ′ → Z(P ) by ν(xP ′) = xp .
Lemma 3.8. The map ν from Deﬁnition 3.7 is well deﬁned and is a group homomorphism.
Proof. Let x ∈ P then xp ∈ Z(P ). Suppose that x, y ∈ P such that xP ′ = yP ′ . Then, since |P ′| = p we
have xp = yp , hence the map is well deﬁned.
Since p is odd we have (xy)p = xp yp for all x, y ∈ P . Hence, ν(xy) = ν(x)ν(y) and ν is a group
homomorphism. 
Theorem 3.9. Let P1, P2 ∈ Pm,n,p . Then P1, P2 form a Brauer pair if and only if there exist group isomor-
phisms αˆ : Irr(P1/P ′1) → Irr(P2/P ′2) and βˆ : Irr(Z(P1)) → Irr(Z(P2)) such that the following diagrams are
commutative:
Irr(P1/P ′1)
αˆ
ϕ∗1
Irr(P2/P ′2)
ϕ∗2
Irr(Z(P1))
βˆ
Irr(Z(P2))
and
Irr(P1/P ′1)
αˆ
Irr(P2/P ′2)
Irr(Z(P1))
βˆ
ν∗1
Irr(Z(P2))
ν∗2
Proof. Suppose that P1 and P2 form a Brauer pair. Then, by Deﬁnition 3.1 there exist bijections
a : P1 → P2 and b : Irr(P1) → Irr(P2) such that
χ(x) = b(χ)(a(x)), (3.3)
a
(
Cl(x)p
)= (a(Cl(x)))p (3.4)
for all x ∈ P1 and χ ∈ Irr(P1), where Cl(x) denotes the conjugacy class of x. Note that if x ∈ P1 then
Cl(x) =
{ {x} if x ∈ Z(P1),
{xs: s ∈ P ′1} otherwise.
Hence, Cl(x)p = {xp} and a(xp) = a(x)p . In particular, P1 and P2 have isomorphic character ta-
bles. Hence, by Theorem 2.8 there exist group isomorphisms αˆ : Irr(P1/P ′1) → Irr(P2/P ′2) and βˆ :
Irr(Z(P1)) → Irr(Z(P2)) such that ϕ∗2 ◦ αˆ = βˆ ◦ ϕ∗1 . Furthermore, from the proof of Theorem 4.3 in [8]
we have that αˆ is the restriction of b to the set of linear characters and
βˆ(λ) =
{
b(θ)Z(P1), P
′ ⊆ kerλ, λ = ϕ∗1(θ),
(Ψ −1 ◦ b ◦ Ψ1)(λ), P ′  kerλ.2
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there exists x ∈ P1 such that a(x) = y. We compute
(
αˆ ◦ ν∗1
)
(λ)
(
yP ′2
)= b(ν∗1 (λ))(yP ′2)
= b(ν∗1 (λ))(a(x)P ′2)
= ν∗1 (λ)
(
xP ′1
) (
by Eq. (3.3)
)
= λ(xp).
On the other hand we have
(
ν∗2 ◦ βˆ
)
(λ)
(
yP ′2
)= βˆ(λ)(yp)
=
{
b(θ)(yp), P ′ ⊆ kerλ, λ = ϕ∗1(θ),
Ψ −12 (b(Ψ1(λ)))(yp), P ′  kerλ
=
{
b(θ)(a(xp)), P ′ ⊆ kerλ, λ = ϕ∗1(θ),
Ψ −12 (b(Ψ1(λ)))(a(xp)) P ′  kerλ
=
{
b(θ)(a(xp)), P ′ ⊆ kerλ, λ = ϕ∗1(θ),
1
pm b(Ψ1(λ))(a(x
p)), P ′  kerλ
=
{
θ(xp), P ′ ⊆ kerλ, λ = ϕ∗1(θ),
1
pm Ψ1(λ)(x
p), P ′  kerλ
=
{
θ(xp), P ′ ⊆ kerλ, λ = ϕ∗1(θ),
λ(xp), P ′  kerλ
= λ(xp)
where the fourth equality follows from Eq. (3.3) and the last equality holds as λ = ϕ∗1(θ) = θZ(P1) .
Thus, αˆ ◦ ν∗1 = ν∗2 ◦ βˆ .
Conversely, suppose there exist group isomorphisms αˆ : Irr(P1/P ′1) → Irr(P2/P ′2) and
βˆ : Irr(Z(P1)) → Irr(Z(P2)) such that ϕ∗2 ◦ αˆ = βˆ ◦ ϕ∗1 and αˆ ◦ ν∗1 = ν∗2 ◦ βˆ . Then, by Theorem 2.8
we obtain that P1 and P2 have isomorphic character tables. Hence, there exist bijections a : P1 → P2
and b : Irr(P1) → Irr(P2) such that χ(x) = b(χ)(a(x)), for all x ∈ P1 and χ ∈ Irr(P1). Again from the
proof of Theorem 4.3 in [8] the map b : Irr(P1) → Irr(P2) is given by
b(χ) =
{
αˆ(χ) if χ(1) = 1,
(Ψ2 ◦ βˆ ◦ Ψ −11 )(χ) otherwise.
It remains to show that a(Kq) = a(K )q for all K ∈ Cl(P1) and for all positive integers q. By Lemma 2
in [4] it is enough to show a(K p) = a(K )p for all K ∈ Cl(P1). Let K ∈ Cl(P1) and suppose that K =
Cl(x) for some x ∈ P1. Then Cl(x)p = {xp}, a(Cl(x)) = Cl(a(x)), and a(Cl(x))p = {a(x)p}. Therefore, it is
enough to prove that a(xp) = a(x)p for all x ∈ P1. If x ∈ P ′1 then xp = 1 and since a(P ′1) = P ′2 the
conclusion follows. Suppose that x /∈ P ′1 then a(x) /∈ P ′2 and for all λ ∈ Irr(Z(P1)) we have
(
αˆ ◦ ν∗1
)
(λ)
(
a(x)P ′2
)= (ν P2 ∗ ◦ βˆ)(λ)(a(x)P ′2).
Since ν∗1 (λ) ∈ lin Irr(P1) and αˆ equals b on the linear characters we obtain
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αˆ ◦ ν∗1
)
(λ)
(
a(x)P ′2
)= b(ν∗1 (λ))(a(x)P ′2)
= ν∗1 (λ)(x)
(
by Eq. (3.3)
)
= λ(xp).
On the other hand
(
ν∗2 ◦ βˆ
)
(λ)
(
a(x)P ′2
)= βˆ(λ)(a(x)p).
Thus,
λ
(
xp
)= βˆ(λ)(a(x)p). (3.5)
Since a(xp) and a(x)p ∈ Z(P2) we have a(xp) = a(x)p if and only if η(a(xp)) = η(a(x)p) for all
η ∈ Irr(Z(P2)). Since βˆ is a bijection the previous condition is satisﬁed if and only if
βˆ(λ)
(
a
(
xp
))= βˆ(λ)(a(x)p) (3.6)
for all λ ∈ Irr(Z(P1)). We have to consider two cases.
Case 1. Suppose that P ′1 ⊆ kerλ. Then, by Lemma 3.5 we have λ = ϕ∗1(θ) = θZ(P1) for some θ ∈
lin Irr(P1). We compute
βˆ(λ)
(
a
(
xp
))= (βˆ ◦ ϕ∗1)(θ)(a(xp))
= (ϕ∗2 ◦ αˆ)(θ)(a(xp)) (βˆ ◦ ϕ∗1 = ϕ∗2 ◦ αˆ)
= ϕ∗2
(
b(θ)
)(
a
(
xp
))
= b(θ)(a(xp)) (ϕ∗(b(θ))= b(θ)Z(P2))
= θ(xp) (by Eq. (3.3))
= λ(xp)
= βˆ(λ)(a(x)p).
Case 2. Suppose that λ ∈ Irr(2)(Z(P1)). Then, βˆ = Ψ −12 ◦ b ◦ Ψ1. Hence, the equality (3.6) is satisﬁed if
and only if
(
Ψ −12 ◦ b ◦ Ψ1
)
(λ)
(
a
(
xp
))= (Ψ −12 ◦ b ◦ Ψ1)(λ)(a(x)p).
Since Ψ2 is a bijection it is enough to prove
(b ◦ Ψ1)(λ)
(
a
(
xp
))= (b ◦ Ψ1)(λ)(a(x)p)
for all λ ∈ Irr(2)(Z(P1)). We have
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(
a
(
xp
))= Ψ1(λ)(xp) (by Eq. (3.3))
= pmλ(xp) (by Theorem 3.4)
= pmβˆ(λ)(a(x)p) (by Eq. (3.5))
= (Ψ2 ◦ βˆ)(λ)
(
a(x)p
)
(by Theorem 3.4)
= (b ◦ Ψ1)(λ)
(
a(x)p
)
.
Thus, a(xp) = a(x)p for all x ∈ P1 and P1 and P2 form a Brauer pair. 
In [8] we proved the following result:
Lemma 3.10. (See Lemma 4.2 in [8].) Let A1, A2, B1 , and B2 be abelian groups and let f i : Bi → Ai be group
homomorphisms for all i = 1,2. Then, there exist isomorphisms α : A1 → A2 and β : B1 → B2 satisfying
α ◦ f1 = f2 ◦ β if and only if there exist isomorphisms αˆ : Irr(A1) → Irr(A2) and βˆ : Irr(B1) → Irr(B2) such
that f ∗2 ◦ αˆ = βˆ ◦ f ∗1 .
In view of this lemma Theorem 3.9 is equivalent to:
Theorem 3.11. Let P1, P2 ∈ Pm,n,p . Then P1, P2 form a Brauer pair if and only if there exist group isomor-
phisms α : P1/P ′1 → P2/P ′2 and β : Z(P1) → Z(P2) such that the following diagrams are commutative
Z(P1)
β
ϕ1
Z(P2)
ϕ2
P1/P ′1
α
P2/P ′2
and
Z(P1)
β
Z(P2)
P1/P ′1
ν1
α
P2/P ′2
ν2
where ϕi : Z(Pi) → Pi/P ′i is the restriction to Z(Pi) of the canonical projection Pi Pi/P ′i and νi : Pi/P ′i →
Z(Pi) is the map from Deﬁnition 3.7, for all i = 1,2.
Remark 3.12. The above theorem can be proved independently of Theorem 3.9 and Lemma 3.10 and
is true for p = 2.
4. Classiﬁcation of Brauer pairs
In this section we classify the Brauer pairs of p-groups with derived subgroup of order p, where
p is an odd prime. We will freely use Blackburn’s notations and results (see [1]).
Lemma 4.1. Let P ∈ Pm,n,p and Θm,n,p(P ) = (ρ, e, (αi, j)). Let cctn,m((ρ, e, (αi, j))) = (ρ, e, λ,φ) and let
hi be as in Deﬁnition 2.10. Then
(i) hi = the number of parts of ρ¯ of size
{
i−1 if i<e,
i−2 if i>e+1, where we increase by 1 in order to obtain λ,
(ii) he + he+1 = the number of parts of ρ¯ of size e − 1 where we increase by 1 in order to obtain λ.
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each αl,i = 0 we successively increase by 1 at αi,k-parts of ρ¯ of size i − 1 and at αl,i-parts of ρ¯ of
size i − 1, respectively. Hence, the number of parts of ρ¯ of size i − 1 where we increase by 1 is
∑
ki
αl,i +
∑
ik
αi,k = hi .
Similarly if i > e + 1. Suppose that i = e. Then as before we increase by 1 at parts of ρ¯ of size e − 1
for each αk,e = 0 and for each αl,e = 0. Also, for each αk,e+1 = 0 and for each αl,e+1 = 0 we increase
by 1 at parts of ρ¯ of size e− 1. Hence, the number of parts of ρ¯ of size e− 1 where we increase by 1
is he + he+1. 
Proposition 4.2. Let P1, P2 ∈ Pm,n,p be distinct and suppose that Θm,n,p(P1) = (ρ1, e1, (α1i, j)) and
Θm,n,p(P2) = (ρ2, e2, (α2i, j)). Assume that P1 and P2 have isomorphic character tables. Then ρ1 = ρ2 ,
e1 = e2 , h1i = h2i for all 1 i  n − 2m + 2, i = e, e + 1 and h1e + h1e+1 = h2e + h2e+1 .
Proof. Let cctn,m((ρ1, e1, (α1i, j))) = (ρ1, e1, λ1, φ1) and cctn,m((ρ2, e2, (α2i, j))) = (ρ2, e2, λ2, φ2). Since
P1 and P2 have isomorphic character tables it follows from Theorem 2.12 that (ρ1, e1, λ1, φ1) =
(ρ2, e2, λ2, φ2). Hence, ρ1 = ρ2, e1 = e2 = e, λ1 = λ2 and φ1 = φ2. Since λ1 = λ2 = λ is obtained
from ρ¯1 = ρ¯2 = ρ¯ by increasing by 1 at 2m parts (see Deﬁnition 2.10) we obtain from Lemma 4.1 that
h1i = h2i for all 1 i  n − 2m + 2, i = e, e + 1,
h1e + h1e+1 = h2e + h2e+1.
Thus, the proposition is proved. 
Lemma4.3. Let P ∈ Pm,n,p and letΘm,n,p(P ) = (ρ, e, (αi, j)). Suppose that P is generated by {xa, ya: a ∈ I}∪
{zb: b ∈ J }. Then
∣∣{x ∈ {xa, ya: a ∈ I}: o(x) = pi}∣∣=
⎧⎨
⎩
hi if i  e,
he+1 + he+2 if i = e + 1,
hi+1 if i  e + 2,
where o(x) denotes the order of x.
Proof. Let a = (u, v,k) ∈ I . We note that the order of xa and the order of ya are
o(xa) =
{
pu if u  e + 1,
pu−1 if u  e + 2, and o(ya) =
{
pv if v  e + 1,
pv−1 if v  e + 2.
Fix i ∈ {1,2, . . . ,n− 2m+ 2} and let x ∈ {xa, ya: a ∈ I} with o(x) = pi . Suppose that i < e + 1. If x = xa
we have a = (i, v,k) and if x = ya′ we have a′ = (u, i,k′). Hence, αi,v = 0 and αu,i = 0 for some v  i
and u  i. Thus,
∣∣{x ∈ {xa, ya: a ∈ I}: o(x) = pi}∣∣=∑
ui
αu,i +
∑
iv
αi,v = hi .
Similarly if i  e + 2. Assume that i = e + 1. In this case if x = xa we can have a = (e + 1, v,k) or
a = (e + 2, v ′,k′). If x = ya′ we can have a′ = (u, e + 1, l) or a′ = (u′, e + 2, l′). Thus,
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ue+1
αu,e+1 +
∑
e+1v
αe+1,v
+
∑
u′e+2
αu′,e+2 +
∑
e+2v ′
αe+2,v ′
= he+1 + he+2. 
The following result gives necessary and suﬃcient conditions for two groups P1 and P2 ∈ Pm,n,p
to form a Brauer pair.
Theorem 4.4. Let P1, P2 ∈ Pm,n,p be distinct and assume that P1 and P2 have isomorphic character tables.
Let Θm,n,p(P1) = (ρ, e, (α1i, j)) and Θm,n,p(P2) = (ρ, e, (α2i, j)). Then P1 and P2 form a Brauer pair if and
only if h1e+1 = h2e+1 .
Proof. Suppose that P1 and P2 form a Brauer pair. We have to show that h1e+1 = h2e+1. We will
argue by contradiction. Suppose that h1e+1 = h2e+1. Since hae+1 ∈ {0,1} for all a = 1,2, we can assume,
without loss of generality, that h1e+1 = 1 and h2e+1 = 0. It follows that either α1i,e+1 = 1 or α1j,e+1 = 1
for some i < e + 1 or j > e + 1, respectively. Suppose that α1i,e+1 = 1. Then, P1 is generated by
X1 = {xa, ya: a ∈ I1} ∪ {zb: b ∈ J1}
and P ′1 is generated by y
pe
(i,e+1,1).
Similarly we have that P2 is generated by
X2 =
{
x′a, y′a: a ∈ I2
}∪ {z′b: b ∈ J2}
and P ′2 is generated by z′
pe−1
(e+1,1) . Note that o(y(i,e+1,1)) = pe+1 and o(z′(e+1,1)) = pe .
Since P1 and P2 form a Brauer pair we have, by Theorem 3.11, that there exist group isomorphisms
α : P1/P ′1 → P2/P ′2 and β : Z(P1) → Z(P2) such that the following diagrams are commutative:
Z(P1)
β
ϕ1
Z(P2)
ϕ2
P1/P ′1
α
P2/P ′2
and
Z(P1)
β
Z(P2)
P1/P ′1
ν1
α
P2/P ′2
ν2
In particular, we can write
β
(
yp
e
(i,e+1,1)
)= z′pe−1r(e+1,1),
α
(
yp
e−1
(i,e+1,1)P
′
1
)= (v · z′pe−2s(e+1,1))P ′2
for some 1 r  p − 1, 0 s p − 1.
s = 0 if e = 1, and v is an element of the subgroup generated by
T = {x′a, y′a: a ∈ I2}∪ {z′b: b ∈ J2, b = (e + 1,1)}.
We compute
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(
yp
e−1
(i,e+1,1)P
′
1
)= β(ype
(i,e+1,1)
)= z′pe−1r(e+1,1),
(ν2 ◦ α)
(
yp
e−1
(i,e+1,1)P
′
1
)= ν2(v · z′pe−1s(e+1,1))P ′2 = vp .
Since β ◦ ν1 = ν2 ◦ α we obtain z′p
e−1r
(e+1,1) = vp which is a contradiction since z′(e+1,1) /∈ T .
Similarly if α1e+1, j = 1 for some j > e + 1 we obtain a contradiction. Hence, we must have
h1e+1 = h2e+1.
Conversely, suppose that P1 and P2 have isomorphic character tables and h1e+1 = h2e+1. By The-
orem 3.11 it is enough to construct two group isomorphisms α : P1/P ′1 → P2/P ′2 and β : Z(P1) →
Z(P2) such that ϕ2 ◦ β = α ◦ ϕ1 and β ◦ ν1 = ν2 ◦ α.
As in the ﬁrst part we have that P1 is generated by
X1 = {xa, ya: a ∈ I1} ∪ {zb: b ∈ J1}
and P2 is generated by
X2 =
{
x′a, y′a: a ∈ I2
}∪ {z′b: b ∈ J2}.
Suppose that h1e+1 = h2e+1 = 0. In this case we have
P ′1 =
〈
zp
e−1
(e+1,1)
〉
,
Z(P1) =
∏
a∈I1
(〈
xpa
〉× 〈ypa 〉)× ∏
b∈ J1
〈zb〉,
P1/P
′
1 
∏
a∈I1
(〈xa〉 × 〈ya〉)× ∏
b∈ J1\{(e+1,1)}
〈zb〉 × 〈z¯(e+1,1)〉,
where z¯(e+1,1) is the image of z(e+1,1)P ′1 and
P ′2 =
〈
z′p
e−1
(e+1,1)
〉
,
Z(P2) =
∏
a∈I2
(〈
x′pa
〉× 〈y′pa 〉)× ∏
b∈ J2
〈
z′b
〉
,
P2/P
′
2 
∏
a∈I2
(〈
x′a
〉× 〈y′a〉)× ∏
b∈ J2\{(e+1,1)}
〈
z′b
〉× 〈z¯′(e+1,1)〉,
where z¯′(e+1,1) is the image of z
′
(e+1,1)P
′
2.
Since P1 and P2 have isomorphic character tables we have by Proposition 4.2 that h1i = h2i for all
1 i  n − 2m + 2, i = e, e + 1 and h1e + h1e+1 = h2e + h2e+1. Since h1e+1 = h2e+1 we obtain that h1i = h2i
for all 1 i  n − 2m + 2. Thus, by Lemma 4.3 we obtain
∣∣{x ∈ {xa, ya: a ∈ I1}: o(x) = pi}∣∣= ∣∣{x′ ∈ {x′a, y′a: a ∈ I2}: o(x′) = pi}∣∣
for all 1 i  n − 2m + 2. Let Ti,1 := {x ∈ {xa, ya: a ∈ I1}: o(x) = pi} and Ti,2 := {x′ ∈ {x′a, y′a: a ∈ I2}:
o(x′) = pi}, for all 1 i  n − 2m + 2. Then, we have the following group isomorphisms:
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∏
x∈Ti,1
〈x〉 →
∏
x′∈Ti,2
〈x′〉,
ψ :
∏
b∈ J1
〈zb〉 →
∏
b∈ J2
〈
z′b
〉
such that ψ(z(e+1,1)) = z′(e+1,1) .
Since I1 =⋃n−2m+2i=1 Ti,1 and I2 =⋃n−2m+2i=1 Ti,2 we can deﬁne
β :
∏
a∈I1
(〈
xpa
〉× 〈ypa 〉)× ∏
b∈ J1
〈zb〉 →
∏
a∈I2
(〈
x′pa
〉× 〈y′pa 〉)× ∏
b∈ J2
〈
z′b
〉
,
β :=
n−2m+2∏
i=1
φ
p
i × ψ
and
α :
∏
a∈I1
(〈xa〉 × 〈ya〉)× ∏
b∈ J1\{(e+1,1)}
〈zb〉 × 〈z¯(e+1,1)〉
→
∏
a∈I2
(〈
x′a
〉× 〈y′a〉)× ∏
b∈ J2\{(e+1,1)}
〈
z′b
〉× 〈z¯′(e+1,1)〉,
α =
n−2m+2∏
i=1
φi × ψ¯ × η
where ψ¯ is the restriction of ψ to
∏
b∈ J1\{(e+1,1)}〈zb〉 and η(z¯(e+1,1)) = z¯′(e+1,1) . It is easy to see that
ϕ2 ◦ β = α ◦ ϕ1 and β ◦ ν1 = ν2 ◦ α.
Suppose that h1e+1 = h2e+1 = 1. Then, either α1i,e+1 = 1 for some i < e + 1 or α1e+1, j = 1 for some
j > e+ 1. Similarly for α2i, j . We have to consider four cases. Since similar arguments work in all cases
we will show only the proof when α1i,e+1 = α2e+1, j = 1. In this case we have
P ′1 =
〈
yp
e
(i,e+1,1)
〉
,
Z(P1) =
∏
a∈I1
(〈
xpa
〉× 〈ypa 〉)× ∏
b∈ J1
〈zb〉,
P1/P
′
1 
∏
a∈I1\{(i,e+1,1)}
(〈xa〉 × 〈ya〉)× 〈x(i,e+1,1)〉 × 〈 y¯(i,e+1,1)〉 × ∏
b∈ J1
〈zb〉
where y¯(i,e+1,1) is the image of y(i,e+1,1)P ′1 and
P ′2 =
〈
x′p
e
( j,e+1,1)
〉
,
Z(P2) =
∏
a∈I2
(〈
x′pa
〉× 〈y′pa 〉)× ∏
b∈ J2
〈
z′b
〉
,
P2/P
′
2 
∏
a∈I \{(e+1, j,1)}
(〈
x′a
〉× 〈y′a〉)× 〈x¯′(e+1, j,1)〉× 〈y′(e+1, j,1)〉× ∏
b∈ J
〈
z′b
〉2 2
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(e+1, j,1) is the image of x
′
(e+1, j,1)P
′
2. As in the previous case we have group isomorphisms
β :
∏
a∈I1
(〈
xpa
〉× 〈ypa 〉)× ∏
b∈ J1
〈zb〉 →
∏
a∈I2
(〈
x′pa
〉× 〈y′pa 〉)× ∏
b∈ J2
〈
z′b
〉
and
α :
∏
a∈I1\{(i,e+1,1)}
(〈xa〉 × 〈ya〉)× 〈x(i,e+1,1)〉 × 〈 y¯(i,e+1,1)〉 × ∏
b∈ J1
〈zb〉
→
∏
a∈I2\{(e+1, j,1)}
(〈
x′a
〉× 〈y′a〉)× 〈x¯′(e+1, j,1)〉× 〈y′(e+1, j,1)〉× ∏
b∈ J2
〈
z′b
〉
such that β(yp
(i,e+1,1)) = x′
p
(e+1, j,1) and α( y¯(i,e+1,1)) = x¯′
p
(e+1, j,1) .
We can easily check that ϕ2 ◦ β = α ◦ ϕ1 and β ◦ ν1 = ν2 ◦ α. Hence, by Theorem 3.11, the groups
P1 and P2 form a Brauer pair. 
Corollary 4.5. If m = 1 there are no Brauer pairs P1, P2 ∈ P1,n,p for any integer n 3 and any prime p.
Proof. If p = 2 the result follows from Proposition 2.15 in [7]. Suppose that there exist an integer
n 3, a prime p  3 and P1, P2 ∈ P1,n,p such that P1 and P2 form a Brauer pair. Then P1 and P2 have
isomorphic character tables and by Theorem 2.12 we have C˜m,n,p(ct1,n,p(P1)) = C˜m,n,p(ct1,n,p(P2)) =
(ρ, e, λ,φ). By Theorem 4.2 in [10] we have |cct−1n,1((ρ, e, λ,φ))| 2 with equality if and only if e = 1
and we increase by 1 at a part of ρ¯ of size 0. Hence, e = 1 and |{1 t  2: λit = 1}| ∈ {1,2}. We have
to consider two cases.
Case 1. Suppose that |{1 t  2: λit = 1}| = 2. Then, by Theorem 3.14 in [10], we have
cct−1n,1((ρ,1, λ,1)) =
{(
ρ,1,
(
α1i, j
))
,
(
ρ,1,
(
α2i, j
))}
where α11,1 = 1 and α1i, j = 0 for all (i, j) = (1,1), α21,2 = 1 and α2i, j = 0 for all (i, j) = (1,2). Hence,
we must have P1 = Θ−11,n,p((ρ,1, (α1i, j))) and P2 = Θ−11,n,p((ρ,1, (α2i, j))). In this case we have h1e+1 =
h12 = 0 and h2e+1 = h22 = 1, hence, by Theorem 4.4 P1 and P2 do not form a Brauer pair, which is
a contradiction.
Case 2. Suppose that |{1 t  2: λit = 1}| = 1 and we increase by 1 at a part of ρ¯ of size a+1, a > 1.
Then, by Theorem 3.14 in [10] we have
cct−1n,1((ρ,1, λ,1)) =
{(
ρ,1,
(
α1i, j
))
,
(
ρ, e,
(
α2i, j
))}
,
where α11,a = 1 and α1i, j = 0 for all (i, j) = (1,a), α22,a = 1 and α2i, j = 0 for all (i, j) = (2,a). Hence,
we must have P1 = Θ−11,n,p((ρ,1, (α1i, j))) and P2 = Θ−11,n,p((ρ,1, (α2i, j))). In this case we have h1e+1 =
h12 = 0 and h2e+1 = h22 = 1, hence, by Theorem 4.4 P1 and P2 do not form a Brauer pair.
Thus, if m = 1 there are no Brauer pairs in P1,n,p for any integer n 3 and any odd prime p. 
Theorem 4.6. Let m,n be positive integers such that n − 2m − 1 0 and let p be an odd prime. Let P1, P2 ∈
Pm,n,p be two distinct groups and let Θm,n,p(P1) = (ρ1, e1, (α1i, j)), Θm,n,p(P2) = (ρ2, e2, (α2i, j)). Then P1
and P2 form a Brauer pair if and only if ρ1 = ρ2 , e1 = e2 and h1i = h2i for all 1 i  n − 2m + 2, where h1i
and h2i are as in Deﬁnition 2.10.
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cctn,m
((
ρ1, e1,
(
α1i, j
)))= (ρ1, e1, λ1, φ1) and cctn,m((ρ2, e2, (α2i, j)))= (ρ2, e2, λ2, φ2).
Suppose that P1 and P2 form a Brauer pair. Then P1 and P2 have isomorphic character tables
hence by Proposition 4.2 we have ρ1 = ρ2, e1 = e2, h1i = h2i for all 1 i  n− 2m+ 2, i = e, e + 1 and
h1e + h1e+1 = h2e + h2e+1. Since P1 and P2 form a Brauer pair we have by Theorem 4.4 that h1e+1 = h2e+1.
Thus, h1i = h2i for all 1 i  n − 2m + 2.
Conversely, suppose that ρ1 = ρ2, e1 = e2 and h1i = h2i for all 1 i  n−2m+2. By Lemma 4.1 and
by the deﬁnition of the map cctn,m (Deﬁnition 2.10) we obtain that λ1 = λ2 and φ1 = φ2. Thus, by The-
orem 2.12 we have that P1 and P2 have isomorphic character tables. Furthermore, since h1e+1 = h2e+1
we obtain by Theorem 4.4 that P1 and P2 form a Brauer pair. 
5. Brauer t-tuples
In this section we introduce the deﬁnition of a Brauer t-tuple and we show that for all integers
t  2 there exist Brauer t-tuples.
Deﬁnition 5.1. Let G1, . . . ,Gt be ﬁnite groups. We say (G1, . . . ,Gt) is a Brauer t-tuple if any two
groups Gi,G j ∈ {G1, . . . ,Gt} with i = j form a Brauer pair.
Theorem 5.2. Let m  2 be an integer and let M = (2m)!2mm! . Then for all integers n  2m2 +m + 1 there exist
P1, . . . , PM ∈ Pm,n,p such that (P1, . . . , PM) is a Brauer M-tuple.
Proof. Let ρ¯ = (2m−1,2m−2, . . . ,2,1, . . . ,1,0,0, . . .) where the number of 1’s is n−2m2 −m. Since
n 2m2 +m + 1 we have that ρ¯ is a partition of n − 2m − 1. Let e = 1 and let ρ = (2m − 1,2m − 2,
. . . ,2,1, . . . ,1), where the number of 1’s is n − (2m2 + m − 1). We have that ρ is a partition on
n − 2m. Let λ = (2m,2m − 1, . . . ,3,2,1, . . . ,1), with the number of 1’s equal to n − 2m2 −m. Then,
by [10, Theorem 3.14] we have
cct−1n,m((ρ, e, λ,1)) =
{(
ρ, e,
(
α1i, j
))
, . . . ,
(
ρ, e,
(
αMi, j
))}∪ {(ρ, e, (α′1i, j)), . . . , (ρ, e, (α′ Ti, j))}
with T  M . For all 1  t  M let Pt := Θ−1m,n,p((ρ, e, (αti, j))). Then, P1, . . . , PM have isomorphic
character tables. Furthermore, from Deﬁnitions 3.6 and 3.10 in [10] we obtain that hte+1 = 1 for all
1 t  M . Hence, by Theorem 4.4 we have that P1, . . . , PM is a Brauer M-tuple. 
Corollary 5.3. For all integers t  2 there exist m,n positive integers with n − 2m − 1 0 and P1, . . . , Pt ∈
Pm,n,p such that (P1, . . . , Pt) is a Brauer t-tuple, for all odd primes p.
Proof. Let t  2 be an integer and let m  2 be an integer such that t  (2m)!2mm! . Let n  2m2 +m + 1
be an integer. Then by Theorem 5.2 there exist P1, . . . , Pt ∈ Pm,n,p such that they form a Brauer
t-tuple. 
Remark 5.4. If m = 2 and n = 11 there are three groups P1, P2, P3 ∈ P2,11,p such that (P1, P2, P3) is
a Brauer triple.
Let m 2 be an integer and let p  3 be a prime. Let
NBr(m, p) = max{t  2: there exist an integer n 2m + 1 and
P1, . . . , Pt ∈ Pm,n,p forming a Brauer t-tuple}.
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NBr(m, p)
(2m)!
2mm
.
Proof. Suppose that there exist an integer t > (2m)!2mm , n  2m + 1 and P1, . . . , Pt ∈ Pm,n,p forming a
Brauer t-tuple. Then P1, . . . , Pt have isomorphic character tables and by Theorem 2.12 we have
Θm,n,p(P1), . . . ,Θm,n,p(Pt) ∈ cct−1n,m((ρ, e, λ,φ))
where (ρ, e, λ,φ) = C˜m,n,p(ctm,n,p(P1)) = · · · = C˜m,n,p(ctm,n,p(Pt)). Hence,
∣∣cct−1n,m((ρ, e, λ,φ))∣∣ t > (2m)!2mm .
By Theorem 3.14 in [10] we have that e = 1 and there exist two disjoint sets R1,R2 each of cardi-
nality at most (2m)!2mm such that cct
−1
n,m((ρ, e, λ,φ)) is in bijection with R1 ∪ R2. Hence, there exist
1  r = s  t such that Θm,n,p(Pr) ∈ R1 and Θm,n,p(Ps) ∈ R2. Let Θm,n,p(Pr) = (ρ,1, (α1i, j)) and
Θm,n,p(Ps) = (ρ,1, (α2i, j)). Then, by Deﬁnition 3.10 in [10] we have h1e+1 = h12 = 1 and h2e+1 = h22 = 0.
Hence, by Theorem 4.4 we have that Pi and P j do not form a Brauer pair, which is a contradiction.
Thus, NBr(m, p) (2m)!2mm . 
6. Example
E.G. Dade constructed in [3] an example of a Brauer pair (G1,G2). These groups have class 3,
order p7, and exponent p, where p is a prime, p  5. We will give an example of a Brauer pair
(P1, P2) with |P1| = |P2| = p6, |P ′1| = |P ′2| = p and [P1 : Z(P1)] = [P2 : Z(P2)] = p4, where p  3. For
p = 3 this example can also be found using GAP.
Let ρ = (1,1) be a partition of 2 and let e = 1. For all 1 i  j  4 we deﬁne
α1i, j =
{
1 if (i, j) ∈ {(1,2), (1,3)},
0 otherwise,
α2i, j =
{
1 if (i, j) ∈ {(1,1), (2,3)},
0 otherwise.
It is easy to see that (ρ, e, (α1i, j)), (ρ, e, (α
2
i, j)) ∈ S6,2. Let P1 = Θ−12,6,p((ρ, e, (α1i, j))) and P2 =
Θ−12,6,p((ρ, e, (α2i, j))). Then P1, P2 ∈ P2,6,p . We have h1i = h2i for all 1 i  4. Hence, by Theorem 4.6
we have that P1 and P2 form a Brauer pair.
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